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Abstract 

We develop non-invertible Pesin theory for a new class of maps called 
cusp maps. These maps may have unbounded derivative, but nevertheless 
verify a property analogous to C^^"^ . We do not require the critical points 
to verify a non-flatness condition, so the results are applicable to C^^" 
maps with flat critical points. If the critical points are too flat, then 
no absolutely continuous invariant probability measure can exist. This 
generalises a result of Benedicks and Misiurewicz. 

1 Introduction 

The ergodic theory of real one-dimensional dynamical systems has been a topic 
of intense study in recent decades. Especially, much progress has been made for 
smooth maps of the interval with non-flat critical points ([6l [121 El H] to cite a 
few) , and the theory underlying such dynamical systems is now well-understood. 
In this work we aim to develop some aspects of the theory beyond the smooth, 
non-flat setting. 

1.1 Maps with flat tops 

For smooth maps without a non-flatness condtion on the critical points, results 
are limited. Benedicks and Misiurewicz ([T]) showed that under a non-recurrence 
condition, unimodal maps with negative Schwarzian derivative have an ergodic 
absolutely continuous invariant probability measure (acip) if and only if the 
logarithm of the derivative is Lebesgue-integrable (see [10] for the recent expo- 
nential family analogue of this result). Thunberg, in [19], showed Benedicks- 
Carleson type results for unimodal families of maps with critical behaviour like 
exp(— Ixl"") for a < 1/8. He asked whether for a > 1 no acip can exist. 

For maps with non-flat critical points (that is, with critical behaviour like 
\x\^ for some I > 1) the log of the derivative is integrable. The maps considered 
by Thunberg have flat critical points, and the log of the derivative is integrable if 
and only if a < 1. Then by [T] no acip exists if the critical point is non-recurrent. 

We extend the only if part of Benedicks and Misiurewicz's result to all 
(^i+e niaps, in particular without supposing non-recurrence of critical points or 
negative Schwarzian derivative: 
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Theorem 1 Let f : I ^ I be a C^^"^ map of the interval I. Suppose f has an 
acip fi with positive Lyapunov exponent. Then the support of fi is a finite union 
of intervals on which 



where integration is with respect to Lebesgue measure. 

Our only hypothesis is that the measure should have positive Lyapunov expo- 
nent (positive metric entropy would imply this) . The following corollary answers 
the question of Thunberg. 

Corollary 2 Let gb be a map from the unimodal family 



If Ci^^ then no acip with positive entropy exists. 

Proof: Were such a measure to exist, its support would contain an interval, by 
Theorem [TJ and so necessarily contains the critical point at 0. Now Theorem [T] 
implies that \og\Dgij{x)\ is integrable with respect to Lebesgue measure. But 
log \Dgi,{x)\ = h{x) — l^l"", where h is some function integrable with respect to 
Lebesgue measure. If a > 1 then |a;|~" is not integrable. □ 
In order to prove these results, we need an extension of the non-invertible 
Pesin theory developed by Ledrappier in (|12j): 

1.2 Maps with unbounded derivative 

The second goal of the paper is to develop non-invertible Pesin theory for a 
class of maps with unbounded derivative. Map with unbounded derivative are 
of interest due to their links with the Lorenz map. See [15] and [Mj for a 
discussion of this and [7] for existence results for absolutely continuous invariant 
probability measures (acips). 

In the following section we shall introduce a new class of maps called cusp 
maps. This class of maps will include all C^'^'^ maps. For piecewise C^"'"'^ maps 
whose critical points verify a non-flatness condition, Pesin theory was studied 
by Ledrappier in [12] . Given a measure with positive Lyapunov exponent, he 
showed existence of the unstable manifold in the natural extension, and several 
results which follow from it. 

In Theorem 1131 show existence of the unstable manifold for cusp maps. 
Even for C^^'^ maps our result is stronger than that of Ledrappier since we do 
not assume non-flatness of critical points. Moreover our proof is more direct. For 
C^"'"'^ maps one can also, with some work, deduce this result from [16]; however 
the proof in that higher-dimensional setting is considerably more complex. 

In [9], the author gave a C version of Ledrappier 's unstable manifold theo- 
rem and used it to prove C conjugacy results. We shall also state a C version 
here, but shall refer to [9] for the proof. 
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With unstable manifold in hand, we use regularly returning (or nice) inter- 
vals to give a simple proof of the dynamical volume lemma in Proposition 1261 
and of the existence of a Pesin partition in Proposition [?71 

Given a transformation g, we denote by M.{g) the collection of ergodic /- 
invariant probability measures. If / is a cusp map, /x e M{f) and log|-D/| is 
/i-integrable then we call x^i '■— /log|-D/|dA* the Lyapunov exponent of ^. For 
cusp maps the Lyapunov exponent even of an acip need not exist. We denote 
by the entropy of /i. The paper culminates with the proof of the following 
result. 

Theorem 3 Let f he a cusp map with a partition into a finite number of in- 
tervals of monotonicity. Suppose fi is an ergodic, invariant, probability measure 
for f with positive finite Lyapunov exponent Xfj,- The following conditions are 
equivalent: 

1. fj, is absolutely continuous with respect to Lebesgue measure; 

2. h^, = 

3. the density of ^ with respect to Lebesgue measure (exists and) is bounded 
from below by a positive constant on an open interval; 

4-. IJ- is generated by a full expanding induced Markov map with integrable 
return time. 

Proof: Follows immediately from Corollary [29] and Propositions [30] and [34l □ 
We refer to Section [5] for the definition of a full expanding induced Markov 
map. Ledrappier 12J showed equivalence between [T] and [2] for C^^'^ maps with 
non-flat critical points. Bruin 2_ showed equivalence of all four conditions in 
the case of unimodal maps with non-flat critical points and negative Schwarzian 
derivative. There is a recent related result in |5J for multimodal maps with non- 
flat critical points and negative Schwarzian derivative. Theorem [3] represents a 
substantial improvement. 

Remark: The only reference measure we consider is Lebesgue measure. This 
result can be extended to more general conformal measures and invariant mea- 
sures absolutely continuous with respect to them. 

The paper is structured as follows. In the next section we introduce the class 
of cusp maps. Then we prove some elementary distortion estimates. In Section 
[4] we define the natural extension and prove existence of the unstable manifold. 
In Section [5] we show the existence of useful regularly returning intervals. We 
then use these intervals to find a finite generating partition with good Markov 
properties and prove the dynamical volume lemma in Section [S] In Section [7] we 
show the existence of a Pesin partition of the natural extension. All results up to 
here are for arbitrary ergodic invariant probability measures with positive finite 
Lyapunov exponent. In Section [8] we start the study of absolutely continuous 
measures and prove Theorem [TJ In the final section we study induced Markov 
maps. 
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2 Definitions of cusp maps 



Our goal is to develop the ergodic theory for piecewse smooth interval maps with 
singularities where the derivative, on at least one side, may tend to infinity. 

For continuous maps with two smooth monotone branches, if the norm of 
the derivative tends to infinity as one approaches the turning point, the turning 
point is called a cusp. This leads us to introduce the following definitions. 

Definition 4 A map f : [Jj Ij —> I is a basic cusp map if {Ij}j is a finite 
or countable collection of disjoint open subintervals of I such that f is a 
diffeomorphism on each ( open) interval Ij =: [pj, qj) and such that the following 
limits exist and equal either or ±oo: 

lim Df[x), lim Df{x). 

The set X := / \ IJ^. Ij is called the singular set or the set of singularities of 
/. Let the invariant set Kf he the set of all x such that /"(x) £ I \ X for all 
n > 0. It is forward-invariant hut generally is not compact. 

Let A C M. Recall that a map g : A R is C^^'^ with constants C and e if, for 
all x, x' in A, 

\Df{x)-Df{x')\<C\x-x'\\ 

If / : y /j — > / is a basic cusp map, then each restriction f\j. : Ij ^ I extends 
continuously to a map fj : Ij ^ I and, if one compactifies R to get R = 
R U {+00} U {— cxd}, then Dfj : Ij ^ M. is continuous. 

Definition 5 A hasic cusp map f : Ij I is a cusp map ( with constants 
C, e j if there exist constants C > e > such that on every Ij , 

• for all x^x' such that |_D/j(a;)|, \Dfj{x')\ < 2, 

\Dfj{x)-Df,{x')\<C\x-x'\'; (2) 



for all such that \Dfj{x)\, \Dfj{x')\ >2^, 
1 1 



Df.ix) Df,{x') 



< C\x-x'\'. 



One can check that poles of the form x" where < a < 1 (these are poles of 
root type) satisfy this latter relation. In figure[T]we present (the graphs of) some 
cusp maps. 

Definition 6 A cusp map f : [Jj Ij —> I is a continuous cusp map if Kf = I 
and there exists a continuous map g : I ^ I which coincides with f on {Jj Ij . 
We make no distinction between f and g. 
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Figure 1: Some cusp maps. 



We are also interested in some analogue to C" maps. We want a condition 
which is satisfied by higher derivatives of / and which holds for all poles of 

root type. What appeared naturally and suffices to prove nice C" distortion 
properties for induced Markov maps is the following. 

Definition 7 Let r € {2, 3, . . .}. A cusp map f : [jj Ij I is a cusp map 
( with constants p,C) if there exist constants C,p > 1 such that, for each j one 
has: 

• fj is C on Ij; 

• for all X € Ij such that < \Dfj{x)\ < 2, and for all i such that 2 <i <r, 
\D'f{x)\ < C; 

• for all x e Ij with \Dfj{x)\ > 2, and for all i such that 2 <i <r, 

< C; (3) 



\Df{x)\P 

If f is a C" cusp map for all integers r > 1 then f is a C°° cusp map. 

Definition 8 Let f : I ^ I. A pole (at p) is an interval {p,p + e) C / such 
that \e\ > 0, f is on {p,p + e) and 

lim \Df{p + he)\ = oo. 

h\,0+ 
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3 Distortion estimates 

We deduce some simple distortion estimates, culminating in Lemma [12] which 
roughly speaking says that the distortion is well-bounded on a ball of radius 
depending polynomially on the derivative. 

In the following two lemmas, one can think of (p as Df if Df is small, or as 

if Df is big. 

Lemma 9 Let c he a constant such that < c < 1. Let (p : A ^ M. satisfy 
\(t){x) — (t>{x')\ < C\x — x'\'^ for some constants C > e > for all x,x' € A. 
Then for all x,x' ^ A such that \x — x'\'^ < c^ and \(f>{x)\ > c, 

^9\^~X'\'^ <t'{x') , ^7\X-X'\'^ 

1-Cc^- ^<-^<l + Cc^- 5—^. (4) 

c-^ <f){x) 

Proof: We have \(t>{x) - (j){x')\ < C\x - x'\'' < Cc^ and \<j){x)\ > c. Thus 
\cP{x) - ^{x')\ ^ Cc^ \x-x'Y- ^ ^^2 \^-x'Y 



4>(x') 



and using the 



One recovers ^ upon rewriting the lefthand side as ^ "(pix) 
triangle inequalities. □ 

Lemma 10 Let C > e > he constants. There exists a constant cq, depending 
on C, e and satisfying < cq < log 2, with the following property: 

If (f) : A satisfies \(l){x) — 4>{x')\ < C'\x — x'\'^ for all x, x' G A, and if c is 
a constant satisfying < c < cq, then for all x,x' ^ A such that, \x — x'l"^ < c^ 
and |0(a;)| > c, 

|log|0(a:)| - log I <c^^^<c. (5) 

Proof: There exists a constant oq, < oq < log 2 such that log (l ^ f ) > —o 
for all a such that < a < aq. Choose cq > such that Ccq < | and so that 
Co < oq. Then by Lemma [51 for x, c satisfying the conditions of this lemma, 

^ Clx-X'l" ^ol^^x'l' H^ + t) ^ol^-^'l' . \x-x'\' 

2 c-^ (p{x) 
Taking logs and using c < cq < qq, 

Jx-x'\^ /^{x + t)\ Jx-x'l" 

as required. □ 

Lemma 11 Let f : [Jj Ij I he a cusp map with constants C, e. Let xi £ [J^ Ij 
satisfy |L'/(a;i)| = 1, X2 e \Jj Ij satisfy \Df{x2)\ = 2 and X3 £ Uj /j satisfy 
\Df{x,)\=2-\ 

Let Co, which depends only on C, e, he given hy Lemma \TUl Then \xi~xi\'^ > 
clforl^2,:i. 
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Proof: Suppose xi G Ij and let A denote the connected component of {x' G Ij : 
< \Dfj{x')\ < 2} containing xi. Apply Lemma [5] with :— Df and x := xi 
and x' e OA. It gives that if \xi — < Cq then 

log|i?/(x')||<co^i^^<log2, 

^0 

contradicting x' G (since | log |_D/(a;')|| — log2). □ 

Lemma 12 Let f : IJ^- /j ~> I be a cusp map with constants C, e. 

There exists a constant cq, < Cq < 1 such that if c is a constant satisfying 
< c < Co, then for all x, x' G IJ^ Ij such that \x — x'\'^ < c"^ and c < \Df{x)\ < 

\\og\Df{x)\ - \og\Df{x')\\ < c^^^ < c. (6) 

Proof: Let cq be given by Lemma [TUl Let x G Ij satisfy < \Df{x)\ < 1. Let 
A denote the connected component of {x' G /j : < \Dfj{x)\ < 2} containing 
x. If y e dA then \Dfj{y)\ G {0,2}. By Lemma [III if \Dfj{y)\ = 2 then 
dist{x, yY > Cq. Just as in the proof of Lemma [TTl if Dfy{y) = 0, < c < cq 
and c < \Df{x)\ < 1, one arrives at a contradiction if dist(a;, yY < c"^. Applying 
Lemma[Tn]for (p Df, we get ^ for x such that \Df{x)\ < 1. 

Now let X G Ij satisfy < \Df{x)\^^ < 1. Let A' denote the connected 
component of {x' G /j : < \Dfj{x)\^^ < 2} containing x. Continuing as 
before, one deduces (O for x such that \Df{x)\''^ < 1. □ 

4 Unstable Manifold 

We define the natural extension as per [T31. Let 

y ■={y= (yoyiy2 • • ■) : fivi+i) = y^}■ 

Define F : Y ^ Y hy F{yoyi ...):= (/(yo)yoyi • • ■)• Then F is invcrtible. The 
projection 11 : F ^ / is defined by H : y i-^ j/o- Then H o F = / o H. Given 
any measure G A^(/) there exists a unique F- invariant measure JI such that 
n,7I = 11. Moreover JI G M{F) and G M{F-^) (see [l8]). 

We call the triplet (Y, F, Jl) the natural extension of (/, /i) (it is also called 
the Rohlin extension or the canonical extension). 

Theorem 13 Let f : [Jj Ij I be a cusp map. Suppose fi G M.{f) has 
positive Lyapunov exponent x — J ^og\Df\d^i > 0. Denote by {Y,F,Ji) the 
natural extension of (/, ^) . 

Then there exists a measurable function a on Y , positive almost everywhere, 
such that for Jl almost every y £ Y there exists a set Vy <ZY with the following 
properties: 

• y £Vy and UVy = B{Ily,a{y)); 
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• for each n > 0, /" : IIF "V^ — ^ IIV^ is a dijfeomorphism; 

• for all y' £ Vy 

oo 

Y,H\Df{nF-'y')\ -log\Df{nF-'y)\ \ <\og2; 

i=l 

• for each 77 > there exists a measurable function p on Y , < p(jj) < 00 
almost everywhere, such that 

^(y)-ie"(x-.) < \Df^inF--y)\ < p{y)e<^+'^\ 
In particular, |nF^"V"y| < 2p(y)e-"('^-'') |C| . 

The above theorem is sufficient for the purposes of this paper. A stronger version 
is possible: 

Theorem 14 Supplementarily to Theorem \13[ there exists measurable 71 < 00 
Jl-almost everywhere such that for all y' € Vy, 

00 

J2 |iog \Df{nF-Y)\ - log \Df{nF-Y\\ < Mvmy - n^T- 

/// is also a C cusp map for some integer r > 2, then there exists a measurable 
function 7^, with 7r(y) < 00 Ji-almost everywhere, such that for all n and all 
1=1,2,. ..,r-l, 

|j;»(n/-n^)| l^'i"g|^/"(n/""^)ll<>(y)- 

Proof: We refer to Proposition 2.11 of 9 for tlie proof. Our definition of C" 
cusp map allows that proof to be applied directly. The full proof for cusp maps 
is also available in f8^ . □ 
The rest of this section is devoted to the proof of Theorem [131 It will be 
broken up into several lemmas. The strategy is as follows. We have shown in 
Lemma [12] that we have a good distortion bound on 

Bix,minico, \Df{x)\^'/'^), \Df{x)\-^'/'^) 

for some constant cq. Next we show that the derivative \Df{IlF~"y)\ along 
backwards orbits is bounded from below by a sub-exponential sequence almost 
everywhere. This gives allows us to define a slowly-shrinking sequence of balls 
on which one has (slow-) exponentially good distortion. Positive Lyapunov 
exponent will then imply that the puUbacks of some small ball will always land 
inside the balls with exponentially good distortion bounds, so the total distortion 
will be summable. 
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Proof: We will need to swallow up some constants. Fix S > such that S < r], 
(x — 3(5) > 36 /e. Subsequently fix iV > large enough that, for all n > N, the 
following inequalities hold 

log 2+ J2 e"™* < log 2; (7) 

m>N 

e-"' < Co; (8) 
2e-"(x-'5) < 2-ie-^"+i^''^i+^/'\ (9) 

where cq comes from Lemma [T^ 

Lemma 15 For JI almost every y, there exists n{y) > N such that for all 
n > n{y), 

\Df{I{F-'^y)\ > 2e-"* 

and 

e"(x-5) < \Df'^{IlF-''y)\ < e'''-^+^\ 

Proof: The first holds because the limit of (1/n) log |£)/"(ni^-"y)| exists for 
almost all y; the second because it equals x- ^ 

Lemma 16 Let := B{UF-''y, 2-ie-"35/e)^ ^11 n > n{y), for all x, x' £ 



\\og\Dfix)\~\og\Dfix')\\< 



-nS 



Proof: Follows from Lemmas [T2l [TSl Note that _B„ is therefore contained in the 
domain of definition of /. □ 

Lemma 17 For n > n{y), /(B„+i) D B{UF-''y,2e-''''>^-^'^). 

Proof: By the preceding lemmas, \Df{x)\ > e-("+i)'^ on B„+i, so f{Bn+i) 15 
B(nF-"2/,2-ie-("+i)3'5Ae-("+i)*). Then use ®. □ 

Lemma 18 Suppose n > n{y) and V is an open ball containing Hy with \V\ < 
1 and suppose Vn C i?„ is such that Vn 9 TiF~"y and f"" : Vn —>■ V is a 
difjeomorphism with distortion bounded by some r with < r < log 2, i.e., 

|log|i^r(x)| -log|i^r(:r')ll < r < log2 

for all x,x' e V„. Then there exists Vn+i 3 IlF^^^^^'^y such that the map 
jn+i . Y^_^-^ ^ Y jg d difjeomorphism with distortion bounded by 

Proof: We have that |i:»/"(nF-"y)| > e"^^-'') so |F„| < e^""^^-^^ and K C 
/(B„+i). The result follows. □ 
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Now let be a sufficiently small ball centred on Ily such that there exists 
a set Vn{y) 9 nF~"(f ) (y) such that /"(?^) : Vn(y) ^ is a difFeomorphism such 
that for all x,x' e Vn(y): 

n{y)-l 

J2 \\og\Df{r{x))\-log\Df{f{x'))\\ < (l/2)log2. 

i=0 

For < n < n{y) define Vn := For n > n{y) define Vn induc- 

tively using Lemma [TSl For any n > 0, for any x, x' G Vn, we have 

n— 1 oo 

^|log|i^/(r(x))|-log|^/(r(x'))|| <(l/2)log2+ J2 e-"'<log2. 

i=0 j=n(y) 

Define Vy as the set of y e F such that nF^"(y) e K for all n > 0. □ 



5 Regularly returning intervals 

The following lemma is simple and known. We include the proof for complete- 
ness and as an introduction to the arguments we will use later on, concerning 
points 'going to the large scale'. 

Lemma 19 Let f be a cusp map and suppose /i G has positive finite 

Lyapunov exponent Xfi- 

Repelling periodic points are dense in the support of fi. The collection of 
inverse images (i.e. the closure of the backward orbit) of some periodic point is 
dense in the support of fi. 

Proof: Firstly, if /i has atoms then it is concentrated on a periodic orbit and 
the result is trivial, so we can assume that fi is non-atomic. 

Let U be an open interval of positive measure. For the first part it suffices to 
show that there are periodic points in U. Let (F, F, Jl) be the natural extension 
for (/, ij) . Modulo a set of /I- measure zero one can write 

Ii-'U= [j{yeU-'U:aiy) > <fc}, 

k>0 

where the functions come from Thcorcmll31 for < a small positive constant. 
There is therefore a kg > 2 such that the set 

B:^{yeU-'U:a{y)>^,p{y)<ko} 

is of positive Jl measure, i.e., /i(^) > 0, and of course n(i?) C U. Then 
there is an interval V C U such that [^1 < ko and 71(5 n Il~^V) > 0. Set 
Vb := B Ci n^^V^. By ergodicity, almost every point y £Y enters Vb infinitely 
often. In particular, /i almost every point x in / is the projection of a point 
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y which enters Vg at infinitely often at times rij say. But then, by Theorem 
[T3l X is contained in an interval of size less than koe~"^^^~'''' which is mapped 
by /"^ onto V with uniformly bounded distortion. Thus almost every point is 
contained in arbitrarily small intervals mapped by iterates of / onto V. Taking 
X in the interior of V, by the Intermediate Value Theorem, there is a periodic 
point pinVcU, and by bounded distortion it is repelling. 

Again using that almost every point is contained in arbitrarily small intervals 
which get mapped onto V, we conclude that inverse images of p are dense in 
the support of ii. □ 

Definition 20 We say Q — {Qi, . . . , Qd} is a finite partition into intervals of 
monotonicity if Q is a partition of I , each Qi is connected and f restricted to 
Qi ^ [Jj i-^ monotone for each i. 

Lemma 21 Let f be a cusp map with a partition into a finite number of inter- 
vals of monotonicity and a finite number of discontinuities. Suppose fj, S M.{f) 
has a positive finite Lyapunov exponent. 

Then given any interval W of positive fi-measure, there is a j > such that 
Ui=o/'^(^) contains the support of fi. 

Proof: By Lemma[T9l W contains a periodic point of period m say. Let g :— f^. 
For fc > 0, replacing by a subinterval if necessary, one has g'^iW) C g''^^{W). 

Let Sn [jk>o9HU) \ ULo dHU)- 

Since g has only a finite number of discontinuities and intervals of mono- 
tonicity, for n sufficiently large Sn has zero measure or else contains a finite 
number of connected components which are sent monotonically into each other 
by g. But this latter possibility would imply the existence of a periodic attrac- 
tor which would attract almost every point in Sn- Since /i is ergodic and has 
positive Lyapunov exponent, this implies that in this case too fi{Sn) — 0. Thus 
for n large enough Sn is disjoint from the support of fi. Repeating the argument 
for each f^{W) for 1 < i < m, the result follows. □ 

Definition 22 An open interval U is regularly returning if f^{dU) n C/ = 
for all n > 0. This is also called a nice interval in the literature. 

If A is a connected component of f^"{U) and i? is a connected component of 
f~™{U) with m > n, it is easy to check that either A Ci B = $ oi B C A, so 
inverse images of regularly returning intervals are either nested or disjoint. 

Lemma 23 Let m be a non-atomic measure on L. Let Z be the set of all x € I 
such that there exists an open interval L with m{L) = and x £ dL. Then 
m{Z) = 0. 

Proof: Each open interval L such that ni{L) = is contained in a maximal such 
interval V . All such maximal intervals are pairwise disjoint. Thus there are at 
most a countable number of such maximal intervals V . But m is non-atomic so 
ni{dV) ~ and Z is the countable union of sets of measure zero and thus of 
measure zero itself. □ 
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Proposition 24 Let f be a cusp map and suppose fi G -Mif) is non-atomic 
and has positive finite Lyapunov exponent. 

Then pt-almost every point is contained in arbitrarily small regularly return- 
ing open intervals, the boundaries of which are repelling periodic points. 

Proof: By Lemma [23] and Theorem I19[ almost every point x is accumulated 
on both sides by repelling periodic points. Take one arbitrarily close periodic 
point, not in the orbit of on each side of x and consider the partition defined 
by the orbits of these two points. The interior of each partition element, in 
particular the partition element which contains x, is regularly returning. The 
result follows, since the measure is non-atomic. □ 

6 Generating partition and the 
Dynamical Volume Lemma 

Given a map / and a partition V we denote by Vk the partition ViLo 
and by Vk{x) the partition element containing the point x. 

Proposition 25 Let f be a cusp map and suppose /i € M-if) is non-atomic and 
has positive finite Lyapunov exponent Xp.- Suppose there exists a finite partition 
Q into intervals of monotonicity. 

There exist a regularly returning interval U , constants K,e > 0, a finite 
partition V and a set X of full measure with the following properties: 

• Ji{A) > 0, where 

A:= {y eY : a{y) >\U\, p{y) < K, and dist(n2/, ^C/) > 2e|t/|}; 

. V = {U,I\U}-^ Q; 

• V is generating; 

• for each x E X there exists a strictly monotone increasing sequence {jij} 
such that 

:Vn^ix)^U 
is a diffeomorphism with distortion bounded by log 2; 

• dist(a;,9'P„^.(x)) > e|7'„^(a;)|; 

lim — > and lim — — — 1. 

Proof: There exists a. K > 1 such that 

B ■.= {yeY : a{y) > R-^ and p{y) < K} 
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has positive measure. By Proposition [211 one can cover a set of full measure 
by a countable collection of regularly returning intervals of diameter less than 
K~^. Let U be one such interval such that 



An --Bnn-^u 



has positive measure. Now nidU) — 0, so there exists a set A C Aq verifying 
the claim of the lemma for some e > 0. 

By the Birkhoff Ergodic Theorem, almost every y & Y returns to A at 
times nj{y) with asymptotic frequency \mij^oo{j l^j) = JlA. The rest of the 
proposition follows easily, since almost every point a; is the projection of such a 
point y. □ 

With this partition we can now give a very short proof of the following Dy- 
namical Volume Lemma. For maps with "bounded p- variation" , this was proven 
in [llj . Maps with unbounded derivative do not have bounded p- variation. 

Proposition 26 Let f he a cusp map and suppose /i G ■M{f) has positive finite 
Lyapunov exponent Xp. ■ Suppose there exists a finite partition Q into intervals 
of monotonicity. 

Then for fi-almost every x, 



in particular, HD(/i) = h^jxp,- 

Proof: The latter equality follows, by Frostman's Lemma, from the former, 
which we now prove. Note that is /i is atomic the proposition is trivial. We 
write X for Xfj.- Let (Y, F,JI) be the natural extension. Let < x be a small 
positive constant. Let V = {Pq = U,Pi, . . . , Pd} be a finite generating partition 
of /, £ the constant and X the set of full measure given by Proposition [25l 

By ergodicity and the Shannon-McMillan-Breiman Theorem ([T^ P-39), 
there is a set X' C X oi full measure such that x{x) = X and 



for all X ^ X. Now fix x £ X' and let Uj be given by Proposition!^ 

Set rj dist(a;, dVn (x)) and Rj = \Vn- (x) \ . We have (again by Proposition 
[25]) that rj > eRj. Continuing, 



lim 



logfi{B{x,r)) ^ h^^ 



lim log^CPnix)) 



n — >oo ri 



lim — log r 



lim — log Rj 



X 



and, since lim,^oo 



lim 




= 1. 
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Thus, if Tj >r > r^+i, 

logr log?'j+i ' log^i+i 

and the right-hand side tends to {h^/x) as j oo. 
IfRj >r> Rj+i, 

logM(i?(x,r)) log^(P„,+i(x)) _ -1 M^^^ 
logr - logi?, -n,+/°SA^^^"^+^^^^^logi?, 

and the right-hand side tends to {h^/x) as j — > oo. 
As r — > one has j — > cxd so we conclude that 



lim 



r^o log r X 
as required. □ 



7 Existence of Pesin partition 

An analogous result to the following was proven in [12 in a more restrictive 
setting, but the same proof works. However it is uneecessarily complicated. We 
provide a short proof of the existence of Pesin's partition, taking advantage of 
the properties of regularly returning intervals. 

Proposition 27 Let f be a cusp map with a partition into a finite number 
of intervals of monotonicity. Suppose fi G has positive finite Lyapunov 

exponent and denote the natural extension {Y, F, Jl) . Let ^ be the measurable 
partition of Y defined by 

oo 
i=Q 

where V is a partition given by Proposition \25\ Then ^ has the following prop- 
erties: 

1. the partition ^ is increasing by F , F~^£, > ^, and generates; 

2. entropy of fi is given by h{^) — H{F^^(^/^); 

3. for Jl almost every point y, for all k > 0, IlF~'^{^{y)) is contained in 
an interval of monotonicity of f, where ^(y) denotes the element of ^ 
containing y; 

4-. forjl almost every point y, < /^^j,-) ^{yiy')dy' < oo, where the integra- 
tion is with respect to the natural Lebesgue measure (i.e. the pullback of 
Lebesgue measure by Il\^(^yj) on each element of ^ and 
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5. let U and A be given by Proposition \25l so n{A) > 0; for all y £ A, 

my) - u. 

Proof: Since V is finite and generating, h{f,V) ~ /i^. Let C be the partition 
of Y given by ( [R-^P : P e V} and let ^ := V,=o ^'C- Then C is a finite, 
generating partition of Y , and 

% = HF, = HiC\ V FX) = H{F-'m = hif, V) = K. 

i>0 

That IlF~'^^{y) is contained in an interval of monotonicity follows since P is a 
refinement of the partition into intervals of monotonicity. 

For y E A, that Tl^{y) — U follows from the regularly returning property. 
For almost every y E Y, there is an n > such that F^y £ A. Then ^(y) D 
F~^^{F^y), so ll^{y) contains an open onterval. 

It remains to show that the integral is positive and finite, which follows as 
per [H]: For all k > 0, one has ^(y) = so [F-'=^](F-'=y) 

contains an open interval for almost every y. For almost every y, \Df(nF~^y)\ 
is positive and finite for all i, and by ergodicity there exists a fc > such that 
F~''y e Wa- One has 

/ A(,,y'W=/ AiF-'^y,F~'^y')f[W^^dy' 

= l[\Df{IlF-^y)\ f /^{F-^y,y')dy'. 

T=i JlF-''i]{F~''y) 

By the distortion bound of Proposition [^51 the last integrand is bounded inside 
(2-1,2) since C ^{P-'^y) and P-'^y e A. Thus the integrals are 

positive and finite, completing the proof. □ 



8 Absolutely continuous measures 

The Rohlin decomposition ^(y, •) for the measure JI with respect to the partition 
^ is a conditional probability measure on each partition element of Y such that, 
for any measurable set S C y one has 

JI{B)^ J^p{y,B)dJl^ j^p{y,Bnay))d-p. 

By Proposition [27l if n > 0, 

nh, = H{F-^i/0 = - j \ogp{y, [F-^(\{y)W. (10) 

Proposition 28 Let f be a cusp map with a partition into a finite number of 
intervals of monotonicity. Suppose /i G M{f) has Lyapunov exponent and 
entropy satisying < = /i^ < oo. Let {Y, F,]l) be the natural extension. 
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Then the Rohlin decomposition for the measure Ji with respect to the partition 
^ of Proposition \27\ is given by q{y, B), for y in Y and B a measurable subset, 
where 

,(,.«) :=^^p^^^ (II) 

Proof: The proof carries over from P2. , proposition 3.6, without modification. 
□ 

Corollary 29 Let f be a cusp map with a partition into a finite number of 
intervals of monotonicity. Suppose fi G -^{f) has positive finite Lyapunov 
exponent x^. 

If f^fi = Xfj.j or equivalently i/HD(/i) = 1, then fj, is absolutely continuous. 

Proof: Let i? be a subset of zero Lebesgue measure. Then q{y, B) = for all y, 
so Jl{n^^B) = = fi{B). □ 

Proposition 30 Let f be a cusp map with a partition into a finite number 
of intervals of monotonicity. Suppose /j, G A4{f) has positive finite Lyapunov 
exponent. 

If /i is absolutely continuous with respect to Lebesgue measure X then there 
exists ly > and an open interval such that the density of is bounded from 
below by some constant v > Lebesgue almost everywhere on the interval. 

Proof: Let £^,A,U be given by Proposition [^H For all y G A, £^{y) ~ U and 
2^1 < A{y,y') < 2 if y' G ^{y). Thus, for y E A, the density of the Rohlin 
decomposition on the partition element ^(y) containing y is bounded inside 
[4-^\Wr\A\W\-^]. Let A' := [jy^^ ^iv) ■ If we set ^I^ := TZ,^,, then H,/!^ has 
support U and the density of H^/Ia bounded inside 

[A-'\w\-'m')A\wr'm')]. 

Since /I^ is a restriction of JI, the density of II*/!^ is less than that of /i almost 
everywhere. In particular, the density of /Lt on J7 is bounded from below by 
:= > as required. □ 

Lemma 31 Let g be a piecewise map with an absolutely continuous invari- 
ant probability measure with density p. Then 

P{x) = V —^-—-p{w). 
f^i \Dg{w)\ 

In particular, p{g{x)) > j^jj^p{x). 

Proof: This is just the change of variables formula. □ 
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Theorem 32 Let f : I ^ I be a cusp map with a partition into a finite number 
of intervals of monotonicity and only a finite number of discontinuities. Sup- 
pose ^ € M{f) has positive finite Lyapunov exponent and that n is absolutely 
continuous with respect to Lebesgue measure. 

Then the support of fi is a finite union of intervals X on which fi is equivalent 
to Lebesgue. 

Moreover, on every compact subset of X disjoint from the forward orbit of 
poles of f the density is bounded away from 0. In particular, if f has no poles 
the density is bounded away from on X . 

Proof: Let U be the interval given by Proposition [30] on which the density is 
bounded away from 0. By Lemma there exists a, j > such that IJ^^q f'^U 
contains the support of /i, and thus equals the support of /i. The result then 
follows from Lemma I5T] □ 
Proof of Theorem]^' We can apply Theorem [321 since / extends to be a contin- 
uous cusp map on some larger interval. The lower bound on the density implies 
that anything integrable with respect to /x is integrable with respect to Lebesgue 
measure on the support oi fi. □ 



9 Induced Markov maps 

When trying to prove the existence of absolutely continuous invariant probabil- 
ity measures, a standard and fruitful technique is to show the existence of an 
expanding induced map whose domain has full measure in its range. One can 
spread the absolutely continuous probability measure for the induced map to get 
an absolutely continuous invariant measure for the original map. If the return 
time for such a Markov map is integrable with respect to Lebesgue measure, 
then the resultant measure is finite and can be normalised to give a probability 
measure. 

A natural question is whether for all absolutely continuous invariant proba- 
bility measures the measure can be produced from such an induced map. Henk 
Bruin [2] has shown that this is the case for unimodal maps with negative 
Schwarzian derivative and non-flat critical points. He also shows that it is true 
when "natural" Markov maps exist, but does not prove that they do outside 
of the unimodal negative Schwarzian non-flat critical point case. We prove a 
stronger result, dropping the condition on non-flatness of critical points, admit- 
ting poles and weakening the condition on the number of singularities. 

Definition 33 Suppose I' d I and f : I' ^ I , where I is an interval. Let 
{Ui} be a finite or countable collection of disjoint open subintervals of an open 
interval U <Z I . We call a map (j) : [J^Ui ^ U an expanding induced Markov 
map if 

• (j) restricted to each Ui is a diffeomorphism onto U ; 

• \D(I)\ > A > 1 for some constant X; 
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• there exists a constant C > such that for each i, for all x, x' £ Ui, 

\D(j){x) - D<j>{x')\ < C|0(x) - 0(a;')h 

• there exists {ui} such that (jy^jj. — f^,- 

If moreover U \ [J^Ui has zero Lebesgue measure, then we call (f> full. 
Let n{x) := Ui if x G Ui. If (p is full and 

/ n{x)dx = y rii\Ui\ < oo 
then we say (j) has integrable return time. 

It follows easily from Proposition [^5] that if / is a cusp map and /i € M{f) 
has positive finite Lyapunov exponent, then there exists an expanding induced 
Markov map such that /^(nj>o (^)) = M(t^) > 0- We want to show more 
than this in the case that /i is absolutely continuous. 

The Folklore Theorem (see e.g. implies that if (/) is a full expanding 
induced Markov map then </> has a unique absolutely continuous invariant prob- 
ability measure, v say, whose density is bounded away from zero and infinity on 
U. 

If (j) has integrable return time then, as is well known, 

is a finite ergodic absolutely continuous invariant measure for g which, when 
normalised, is an ergodic absolutely continuous invariant probability measure 
for /. We say /i is generated by (j). 

Proposition 34 Let f be a cusp map with a partition into a finite number 
of intervals of monotonicity . Suppose fi G M{f) has positive finite Lyapunov 
exponent and that n is absolutely continuous with respect to Lebesgue measure. 
Then jj, is generated by an induced Markov map for f. 

Proof: Let A' ,U be defined as per the proof of Proposition [30l For y e F let 
ri{y) := mf{n > 1 : F^^y G A'}. Inductively define rfc+i(2/) :— rk{y)+r{F^''^y'>y) 
for k > 1 and set nk{x) :— min{rfc(y) : n(y) — x}. These are defined on sets of 
full measure, in particular for Lebesgue almost every x € U . Recall we showed 
that the density of n:„/I|^, is bounded from below on U by some v > 0. 

By an easy generalisation of Kac's Lemma, J^, rk{y)dp — k for each fc > 1. 
Then 

k> nk{x)dll^'p^^, > v^^ I nk{x)dx. 
JU Ju 

In particular Jjjnk{x)dx < oo. 
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Recall that for y £ A', n^(y) — U, and for y € A, p{y) < K, so by 
Theorem [H \DP\ > (2X)-ie"(x-'') on ni^-"^(y). Choose N such that 
(2X)-ie^(^-") > 2. 

Let D denote the set oi x £ U such that npfix) is defined. Since njv(x) is 
defined almost everywhere, the Lebesgue measure oi U \ D is zero. For each 
D there exists y £ n~^{x} such that G A'. Set 

and note that since £,{y') = £,{y) for all y' e ^(j/) and since C/ is regularly 
returning, is a connected component of D. in particular, n^r(a;') is defined 
and constant on U^- Let {C/i} be the collection of connected components of D 
and rrii := njv(a;) for some x G Ui. Then define (/) : [jUi ^ U hy := Z™". 
This map is a full expanding induced Markov map. 

Thus there is an ergodic invariant absolutely continuous invariant probability 
measure /i' generated by (fi. The support of ^' coincides with that of /i and both 
have positive density so by ergodicity they are equal and jj, is generated by </>. 
□ 

Theorem 35 Let f be a C^^' map with a partition into a finite number of 
intervals of monotonicity. 

Then f has an ergodic, absolutely continuous, invariant, probability measure 
with positive finite Lyapunov exponent if and only if there exists a full expanding 
induced Markov map with integrable return time. 

Proof: One direction is given by Proposition l34l On the other hand, if there ex- 
ists an induced Markov map with integrable return time, the measure generated 
by it will be an ergodic, absolutely continuous, invariant probability measure. 
The entropy of the measure is positive because it is non-invertible almost ev- 
erywhere on the range of the Markov map. Then Ruelle's Inequality implies 
that the Lyapunov exponent is positive, and it is finite because the derivative 
is bounded. □ 
Remark: There are induced Markov maps with integrable return time for cusp 
maps such that the generated measure has non-integrable Lyapunov exponent, 
see chapter 3 of [8]. 
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